Abstract. Typical applications of gravitational lensing use the properties of electromagnetic or gravitational waves to infer the geometry through which those waves propagate. Nevertheless, the optical fields themselves-as opposed to their interactions with material bodies-encode very little of that geometry: It is shown here that any given configuration is compatible with a very large variety of spacetime metrics. For scalar fields in geometric optics, or observables which are not sensitive to the detailed polarization content of electromagnetic or gravitational waves, seven of the ten metric components are essentially irrelevant. With polarization, five components are irrelevant. In the former case, this result together with diffeomorphism invariance allows essentially any geometric-optics configuration associated with a particular spacetime to be embedded into any other spacetime, at least in finite regions. Going beyond the geometric-optics approximation breaks some of this degeneracy, although much remains even then. Overall, high-frequency wave propagation is shown to be insensitive to compositions of certain conformal, Kerr-Schild, and related transformations of the background metric. One application is that new solutions for scalar, electromagnetic, and gravitational waves may be generated from old ones. In one example described here, the highfrequency scattering of a plane wave by a point mass is computed by transforming a plane wave in flat spacetime.
Introduction
Historically, the confirmation that starlight is bent at the predicted angle by the gravitational field of the Sun was one of the most important milestones in the acceptance of general relativity as a physical theory. Today, the situation is in some sense reversed: General relativity is used less to predict the lensing associated with known masses, and more to infer the properties of unseen matter in terms of its lensing effects [1, 2, 3] . Although these inferences are rarely described as such, they are solutions to inverse problems. Given that certain fields are expected to solve a particular class of metric-dependent equations, and given (partial) knowledge of one or more particular solutions, they ask what might be learned about the underlying metric, and thence about the matter which sources that metric. In practice, it is typical to solve such problems by producing a parametrized family of models, computing their associated observables, and then fitting the free parameters to the data.
This approach requires some care. Inverse problems are often ill-posed [4] , so solutions may fail to be unique or even to exist. Worse, solutions can depend very sensitively, or even discontinuously, on the observational inputs. Although difficulties such as these afflict a wide variety of inverse problems, one might initially hope that they do not do so in the context considered here: The laws of geometric optics typically employed in gravitational lensing make essential use of the geometry, suggesting that much of that geometry can be inferred from optical measurements. Indeed, knowledge of all null geodesics does fix the metric up to a conformal factor, and supplementing this with knowledge of intensity variations fixes even that. Nevertheless, realistic observations involve only some null geodesics, and even those are characterized (at best) at their observation and emission events, but not in between. This lack of information greatly enlarges the number of geometries which might be compatible with any given set of observations.
A summary of high-frequency approximations
As discussed in more detail in paper I and elsewhere [10, 11, 12, 13, 14, 15, 16] , geometric optics and its corrections may be derived by considering 1-parameter families of fields with the form 
where ϕ is called the phase (or eikonal) function, the A n B are referred to as amplitudes, and ω is a large parameter which controls the frequency of the solution. The multi-index B stands for a collection of indices b 1 · · · b s appropriate to the particular field under consideration; for scalar fields, s = 0; for electromagnetic vector potentials, s = 1; for metric perturbations, s = 2. The fields ψ B in these three cases were respectively denoted by ψ, a a , and h ab in Paper I. Although they are complex, only their real components Ψ B ≡ Re ψ B (2) are to be considered as physical.
The eikonal and the amplitudes may be determined by inserting the ansatz (1) for the potentials into the appropriate gauge-fixed field equation. This is assumed here to be of the form
where M A B is an ordinary tensor field. For the Klein-Gordon equation with curvature coupling ξ and field mass µ, Maxwell's equations in Lorenz gauge, and the linearized Einstein equation in Lorenz gauge,
where R abcd d is the Riemann tensor, R ab = R acb c the Ricci tensor, R = g ab R ab the Ricci scalar, and ∇ a the covariant derivative associated with the metric g ab .
Regardless of the particular form of M A B , combining (1) with (3) shows that ϕ must satisfy the eikonal equation
which implies that hypersurfaces of constant ϕ must be null; these are the hypersurfaces of constant phase in the ω → ∞ limit. Equivalently, (5) implies that the wave(co)vector k a is an exact null covector. Raising an index, g ab k b is a null, geodesic, and twist-free vector field; its integral curves are the rays of geometric optics.
The field equation (3) constrains not only the eikonal, but also the amplitudes A n B . In terms of the transport operator
which may be viewed as an ordinary differential operator along the rays, the amplitudes satisfy the transport equations LA n B = −iDA n−1 B .
The n = 0 case of this equation is sometimes written separately as LA 0 B = 0, although we avoid this here by defining A −1 B ≡ 0; Eqn. (7) then holds for all n ≥ 0. Regardless, the transport equations are effectively differential constraints on the amplitudes. The n = 0 case corresponds to geometric optics, and the lack of any source term implies that each ray evolves independently of its neighbors. For n > 0, the −iDA n−1 B source may be interpreted as taking into account interference between neighboring rays.
If s = 0, the eikonal and transport equations are the only consequences of combining the high-frequency ansatz with the Klein-Gordon equation. If s > 0 however, these equations must be supplemented with additional constraints which arise as a consequence of the gauge conditions used to reduce Maxwell's equations or the linearized Einstein equation to the form (3). In the s = 1 case of an electromagnetic vector potential, the Lorenz gauge requires that 
These constraints are algebraic. If they are satisfied on an initial hypersurface which is transverse to the rays, the transport equations guarantee that they remain satisfied away from that hypersurface.
Geometric optics is associated with knowledge only of ϕ and the zeroth-order amplitude A 0 B . Supplementing these quantities with a metric g ab for which they are known to satisfy the eikonal, transport, and gauge equations, it is convenient to refer to the set O 0 ≡ {g ab ; ϕ, A 
denote the nth-order optical fields. These sets explicitly include the metric, as many of the main of the results below take the form O n →Ô n , where knowledge of optical fields associated with some seed metric g ab may be used to write down optical fields associated with a transformed metricĝ ab . As a brief note on applicability, the eikonal equation and the n = 0 transport and gauge conditions which govern O 0 may be shown to imply the three "laws of geometric optics" which are the basis for most of the theory of gravitational lensing:
(i) Fields propagate along null geodesic rays.
(ii) Intensities satisfy the area-intensity conservation law ∇ a (|A 0 | 2 g ab k b ) = 0.
(iii) Polarization tensors are parallel transported along the rays.
If these laws are applied when ω is large but finite, there be a lengthscale such that errors in a predicted field have relative magnitudes proportional to positive powers of the dimensionless number (ω ) −1 . It is sometimes difficult to estimate without a detailed calculation, as it can have contributions from lengthscales associated with the spacetime curvature, wavefront curvature, amplitude gradient, shear scale, or some (possibly nonlocal) composite thereof; its precise nature depends on the details of the system under consideration and the particular observable which is considered. Nevertheless, there are some cases-such as for plane waves in flat spacetime-where there is no intrinsic scale and the leading-order high-frequency approximation is in fact exact 2 . It may also be expected that as one moves away from a compact source in an asymptotically-flat spacetime, eventually increases without bound; any finite ω is thus "large" at sufficiently large distances-implying that geometric optics is a good approximation far from compact sources. If (ω ) −1 is small but not too small in some particular system, corrections to geometric optics associated with, e.g., O 1 may be measurable, and may provide information which is complementary to that supplied by geometric optics alone. High-frequency expansions of various observables are discussed in Paper I.
Metric invariance of the optical rays
The most basic quantity which appears in geometric optics is the eikonal ϕ. It is thus natural to begin a discussion of metric invariance in geometric optics by discussing metric invariance for the eikonal equation (5): If a particular ϕ is known to be a solution to that equation with the metric g ab , for which metricsĝ ab does ϕ satisfy the transformed eikonal equationĝ ab ∇ a ϕ∇ b ϕ = 0? This 2. Interestingly, certain gravitational plane wave solutions to the geometric-optics equations are exact solutions not only to the linearized Einstein equation, but also to the exact nonlinear Einstein equation [9] . This occurs for solutions expressed in the Kerr-Schild form A 0 ab ∝ kak b , and is a consequence of the general result [17, 18, 19 ] that Einstein's equation is linear for Kerr-Schild perturbations when ka is geodesic.
constitutes only a single scalar constraint on the inverse of the transformed metric, so only one of the ten scalar functions which comprise it is constrained. The general class of transformations g ab →ĝ ab which preserve a given eikonal involve nine free functions, and in this sense, knowledge of an eikonal alone is locally compatible with almost any metric whatsoever.
While it is sometimes interesting to consider metric transformations which preserve eikonals, these do not necessarily preserve any other interesting aspects of geometric optics. Much more can be said by considering the somewhat smaller class of metric transformations which preserve both an eikonal and its associated rays. Fixing k a = −∇ a ϕ, this is equivalent to demanding that g ab k b is proportional toĝ ab k b , or that k c is an eigenvector ofĝ ab g bc . This comprises three scalar constraints embodied by
Seven free functions may therefore be used to transform g ab without disturbing a particular eikonal and its rays. Those transformations may be written in various ways. For the form used here, first supplement k a with three covectors to form a complex null tetrad (k a , n a , m a ,m a ) (12) in which n a is real,m a is the complex conjugate of m a , and the only non-vanishing inner products with respect to g ab are g ab m amb = −g ab k a n b = 1.
After such a tetrad has been fixed, solutions to (11) may be written in terms of a real conformal factor Ω, a real covector w a , and a complex scalar Y :
Together, Ω, w a , and Y constitute seven real "deformation functions." At least if Einstein's equation is not imposed, they are almost completely free; cf. (A.18). Some of the geometrical properties of these metrics are discussed in Appendix A, where it is shown that they may be viewed as compositions of two complex Kerr-Schild transformations, a real extended Kerr-Schild transformation, and a conformal transformation applied to g ab . The simplicity of each of these individual transformations allows, e.g., the inverse metric and the volume element ofĝ ab to be found exactly. Using the inverse (A.16), one consequence is that
which verifies that as claimed, the optical rays are preserved. As these rays are twist-free by construction, they are not only null, but also geodesic with respect to both g ab andĝ ab . These characteristics appear to be the minimal ones in which one might suspect geometric optics to be "mostly preserved." Special cases of transformations g ab →ĝ ab with the form (14) have already been considered in a number of different contexts. Most obviously, those in which w a = Y = 0 are conformal. If instead Ω = 1, Y = 0, and w [a k b] = 0, they are Kerr-Schild transformations generated by k a . If Ω = 1 and w a = 0 but Y = 0, they represent the real result of two complex Kerr-Schild transformations which are transverse to k a . In general, Kerr-Schild transformations are known to eliminate the nonlinearity in Einstein's equation, at least when the generating covector is geodesic [17, 18, 19] . Metrics associated with Kerr-Newman black holes, gravitational plane waves, (anti) de Sitter, and other important geometries can be written as Kerr-Schild transformations applied to flat backgrounds [19] . Furthermore, the Penrose limit [20, 21] implies that the geometry sufficiently near any null geodesic is a plane wave, suggesting that Kerr-Schild transformations applied to flat metrics are generically relevant in ultrarelativistic limits. If Y = 0 and w a is null but not necessarily proportional to k a , the transformations considered here fall into the class of extended Kerr-Schild transformations considered in [22, 23] ; there is a sense in which these too "reduce" the nonlinearity of Einstein's equation. More general transformations in which Y = 0 are central to the "optical geometry" discussed in [24] ; these exactly preserve null (vacuum or force-free) Maxwell fields with principal null direction k a [8] . Lastly, even if Y = 0, there is considerable overlap between the metric transformations considered here and those associated with the Ehlers group, which maps certain exact solutions of Einstein's equations to other exact solutions [25] . More specific examples involving physically-interesting pairs of metrics related by transformations g ab →ĝ ab are discussed in Sect. 7 below.
One interpretation of our general result that seven free functions may be used to deform the metric without disturbing the optical rays is that only three of the ten components of g ab can be constrained by knowledge of any given twist-free null congruence. However, there is a sense in which even these remaining components are not essential; they may be "gauged away." Given any twist-free null congruence associated with g ab , and any other well-behaved metricg ab , there exist diffeomorphisms φ (at least in finite regions) such that the pullback (φ * g ) ab admits the same null congruence. Said differently, φ can be chosen such that this pullback has the form (14) . At least locally, diffeomorphisms may thus be used to deform any given metricg ab into one in which the background rays are preserved. Alternatively, this same diffeomorphism may be applied to push the rays-instead of the metric-forward so that they are compatible with g ab itself. In the first of these points of view, the eigenvector relation (11) is replaced by
In the second, it is more suggestive to write
Both of these equations are however equivalent. One corollary is that any system of optical rays associated with a given g ab is also a valid system of rays associated with a flat metric. In this sense, the rays alone-or at least a single collection of them-imply nothing about the local curvature.
The resulting "universality" of twist-free null congruences may understood intuitively in terms of the freedom to identify points in one spacetime with points in another: This freedom can always be used to map twist-free null geodesics on one spacetime into twist-free null geodesics on the other spacetime. Although this is not surprising on its own, Sect. 4 shows that the leading-order amplitudes also behave very simply under these mappings.
Amplitudes in geometric optics
Suppose that a particular set of zeroth-order optical fields O 0 = {g ab ; ϕ, A 0 B } is known to solve the equations of geometric optics. Rewriting (5) and (7), it is thus assumed that
where the transport operator L is defined by (6) . The gauge conditions (8) or (9) are assumed to be satisfied as well if applicable. It then follows from the discussion in Sect. 3 that ifĝ ab is obtained from g ab via a transformation with the form (14) , ϕ remains a valid eikonal in the transformed geometry. There thus exist valid collections of transformed fields with the form
. We now complete this picture by deriving explicit transformation rules A 
Geometric optics for scalar fields
It is simplest to begin by considering transformations A 0 →Â 0 of the s = 0 scalar amplitudes. Although these amplitudes directly govern the dynamics of high-frequency solutions to the KleinGordon equation, they are also relevant for electromagnetic and gravitational waves: Amplitudes in those may be factorized such that [9] 
where the polarization tensors e a and e ab = e (ab) are parallel-transported along the rays and satisfy the gauge conditions
Regardless of application, it follows from (18) that the background amplitude A 0 must be a solution to LA 0 = 0. An amplitudeÂ 0 which is associated with a transformed metricĝ ab instead satisfiesLÂ 0 = 0, so relatingÂ 0 to A 0 requires understanding howL differs from L. First note that for anyĝ ab with the form (14) , it follows from (15) and (A.19) that
where
The transformed transport operator applied to any scalar field B thus satisfiesL (B/Ω) = LB
It follows immediately that if A 0 is a valid geometric-optics amplitude associated with g ab ,
is a valid amplitude associated withĝ ab . Metric transformations generated by arbitrary Ω, w a , and Y may thus be associated with optical fields which transform via
Note that although there are seven real functions involved in the metric transformations considered here, only the conformal factor Ω can modify scalar field behavior in geometric optics; deformations parametrized by w a and Y do not affect it. It follows from this and (1) that to leading nontrivial order, gradients of scalar fields are preserved up to conformal rescalings:
Although ψ and ∇ a ψ transform very simply here, some observables which depend on them do not. For example, although the (complexified) forces f a = q∇ a ψ which act on charged test particles--rates of change of their momenta-are preserved up to scale at this order, the accelerations of those particles are not similarly preserved. To see this, first recall that for a test particle with mass m, charge q and 4-velocity u a ,
where τ denotes a proper time along the particle's worldline and Ψ = Re ψ. The projection operator g ab + u a u b is required here because there may be a component of the force vector qg ab ∇ b Ψ which lies along u a and induces changes in a particle's mass. Regardless, in order to see how accelerations transform as g ab →ĝ ab , first suppose thatĝ ab u a u b < 0 so the background 4-velocity is timelike with respect to both g ab andĝ ab . Then,
has unit norm with respect toĝ ab and is a natural candidate for an "equivalent" 4-velocity in the transformed geometry. Transforming the right-hand side of (26) using this and (15) and (25) , the transformed acceleration may be seen to reduce tô An example of an observable which is constructed without reference to any material bodies is the average T ab of a field's stress-energy tensor. This is defined and computed in Paper I in terms of a high-frequency expansion with the form
Each T n ab appearing here is separately conserved in the sense that g ab ∇ a T n bc = 0. The n = 0 component T 0 ab = |A 0 | 2 k a k b depends only on the magnitude |A 0 | 2 , and it follows from (24) that
Indeed, the leading-order stress-energy tensor is preserved up to scale:
A material observer with 4-velocity u a may be used to, e.g., compute an averaged momentum flux p a ≡ − T ab u b or an averaged energy density ≡ T ab u a u b . Transformation rules for these quantities require that observers be identified in both metrics, but if u a remains timelike with respect toĝ ab , a transformed 4-velocityû a can be defined by (27) . Then, at leading order, it is clear from (31) that p a andˆ are both local rescalings of their background counterparts.
Related to T 0 ab is the divergence-free current
which is associated with the second law of geometric optics stated at the end of Sect. 2. That this is conserved may be interpreted as the fact that intensity variations in geometric optics are related to changing crosssectional areas of ray bundles. Here, (15) and (24) imply that
The coefficient in the denominator here may be identified as the proportionality factor (A.15) which relates volume elements associated with the background and transformed metrics, implying that the 3-form dual to J a 0 is invariant with respect to all metric transformations considered here:
Integral forms of the conservation laws associated with J a 0 andĴ a 0 are thus independent of Ω, w a , and Y .
Geometric optics for electromagnetic fields
The geometric-optics description of an electromagnetic vector potential in Lorenz gauge is furnished by an eikonal ϕ together with a covector amplitude A 0 a which factorizes into a scalar component A 0 and a parallel-propagated polarization covector e a ; cf. (19) . As transformation laws for ϕ and A 0 have already been established, all that remains to understand metric invariance for electromagnetic fields in geometric optics is to find an appropriate transformation e a →ê a .
To review, it was shown in Paper I that if the null basis (12) is parallel transported along the optical rays, the polarization covector may be expanded as
where e ± and χ are constant along rays. We now assume that at least one of the e ± is nonzero along a given ray, in which case the term involving χ is pure gauge at leading order. A ray is then said to be circularly polarized if e a is null or linearly polarized if abcd g be g cf g dg e eēf k g = 0, conditions which are equivalent to
More generally,
may be used to characterize the "circularity" of a ray's polarization state. An e a compatible with g ab may now be mapped into anê a compatible withĝ ab by making use of the transformation m a →m a which is defined by (A.21). The resultingm a is normalized with respect toĝ ab in the sense thatĝ ab k amb =ĝ abm amb = 0 andĝ abm amb = 1. Besides the explicit appearance of the metric deformation functions Ω and Y , the definition ofm a also involves a complex scalar l and a real scalar θ, the latter of which are to be chosen such that parallel propagation of m a with respect to g ab implies parallel propagation ofm a with respect toĝ ab . Having made these choices, it is natural to transform polarization tensors using e a →ê a ≡ e +ma + e −ma + χk a .
Doing so preserves magnitudes in the sense that g ab e aēb =ĝ abê aêb , and also gross features such as the polarization circularity defined by (36).
A more detailed comparison between e a andê a arises by expanding the latter in terms of the background tetrad: Using (37) and (A.21),
which depends on the metric deformation functions locally via the explicit appearance of Ω and Y , and also nonlocally via the deformation-dependent transport equations satisfied by l and θ. Regardless, it is clear that except in special cases,ê a is not equal-or even proportional-to e a . In this sense, the mapping from A 0 a = A 0 e a toÂ 0 a = (A 0 /Ω)ê a is not local and algebraic for the full space of metric transformations generated by (14) ; observables which are sensitive to fine details of a field's polarization state might not be preserved.
Such details are however preserved when Y = 0. It follows from (A.23) that in these cases, it is possible to set θ = 0, which implies that
for the restricted class of metric transformations
Crucially, the inhomogeneous term which is proportional to k a in (39) is pure gauge; it does not affect the leading-order field strength [cf. (46) below]. It follows from (19) , (24), (34) , and (37) that for metric transformations generated by arbitrary Ω, w a , and Y , the n = 0 optical fields associated with electromagnetic waves transform via
where them a appearing here is given by (A.21). If Y = 0, this simplifies to
The physical consequences of these identifications may be better understood by computing the corresponding (gauge invariant) field strengths. Although it is the vector potential ψ a which is expanded here in a high-frequency limit, it is the (complexified) field strength f ab = 2∇ [a ψ b] which is more directly connected to observations. Following Paper I, it is convenient to introduce coefficients F n ab which characterize this via
the first of which is
. For any of the transformations considered here, including those in which
As already alluded to, the tensorial structure of the electromagnetic field is not necessarily preserved. However, (42) implies that if Y = 0 and θ is chosen to vanish,
This is related to the exact result [8] that metric transformations with the form (40) preserve null electromagnetic fields with principal null direction k a . Despite the complexity of (45) as compared with its Y = 0 specialization (46), a number of electromagnetic observables obey simple transformation rules even when Y = 0. One example is the aforementioned polarization circularity. Another is the averaged stress-energy tensor: Again expanding T ab via (29) , it is shown in Paper I to be controlled at leading order by
This is identical to its scalar counterpart (30) . Indeed, all of the electromagnetic T 0 ab transforms identically to its scalar counterpart (31) . Similar comments also apply for the electromagnetic conserved current J a 0 = |A 0 | 2 g ab k b and its dual; both (32) and (33) remain valid for electromagnetic fields.
Observables associated with charged-particle motion behave somewhat differently from their scalar counterparts. If a test particle with charge q and background 4-velocity u a is subject to a high-frequency electromagnetic field, and if u a is timelike with respect to both g ab andĝ ab , forces f a = qf ab u b may be compared in both geometries by using (27) to transform 4-velocities and (43) and (45) to transform f ab . For a generalĝ ab , it is clear that f a is not necessarily proportional tof a = qf abû b at leading order-implying that geometries might be distinguished by measuring the forces which act on material bodies. However, it is really only Y which is so distinguished. It follows from (46) that forces are at most rescaled when Y = 0, and this rescaling can be attributed entirely to the difference in proper times associated with the two metrics. It is however important to distinguish between forces and accelerations: Even if Y = 0 so f a is proportional tof a , the acceleration g ab f b /m is not necessarily proportional toĝ abf b /m.
Geometric optics for gravitational waves
Using (19) , the leading-order gravitational amplitude A 0 ab may be decomposed into a scalar component A 0 and a parallel-transported polarization tensor e ab = e (ab) . Again assuming that m a is parallel transported along the optical rays, it was shown in Paper I that all polarization tensors can be written as
where e ± are constants along each ray and χ a is parallel transported. If at least one of the e ± is nonzero, the term involving χ a is pure gauge at leading order. Linear and circular polarization may then be defined in the same way as in electromagnetism; cf. (35) and (36).
Following the electromagnetic discussion above in which the background polarization (34) is replaced with (37), it is natural to let e ab →ê ab = e +mamb + e −mamb + k (aχb) ( 49) for gravitational waves propagating on a backgroundĝ ab , wherem a is again defined by (A.21).
We leaveχ a unspecified except to say that it must be parallel transported with respect toĝ ab . Recalling (19) and (24), the zeroth-order optical fields for gravitational waves thus transform via
As in the electromagnetic case, A 
The omitted term on the right-hand side here is pure gauge at leading order, implying that the physical aspects of gravitational waves transform very simply for all metric transformations with the form (40).
Recall that the amplitude A 0 ab appears in an expansion of ψ ab , which is a linearized metric perturbation in Lorenz gauge. However, it is somewhat more physical to consider linearized perturbations of the Riemann tensor. The complexified version of such a perturbation (with all indices down) is denoted by δr abcd , and was expanded in Paper I as
where the leading-order perturbation is controlled by R when Y = 0 and θ is chosen to vanish. A gravitational wave curvature perturbation which is known in one background may therefore be used to determine curvature perturbations in a family of backgrounds which differ by the five free functions associated with arbitrary choices of Ω and w a . Despite the extensive use of conformal transformations in the literature, we are not aware of (53) being noted previously even in the purely-conformal case for which w a = 0.
As in the electromagnetic case, observables which are indifferent to the fine details of a gravitational wave's polarization state obey simple transformation rules even when Y = 0. For example, the circularity (36) of the polarization state does not change, regardless Ω, w a , or Y . Other examples can be constructed from perturbations to the Bel-Robinson tensor T abcd . First recall from Paper I that δT abcd = ω
The complexity of this norm when compared with, e.g., g ac g bd A 0 abĀ 0 cd , arises because i) our amplitudes describe metric perturbations and not their trace-reversed counterparts, and ii) the gauge freedom has not been used to eliminate traces. Regardless, (50) implies that
which is reminiscent of the scalar and electromagnetic equations (30) and (47). It follows that even if Y = 0, Bel-Robinson perturbations transform as
Certain other observables, such as those involving the relative accelerations of freely-falling test particles, can depend nontrivially on Y .
"Inheritance" and metric-invariance beyond geometric optics
The results of Sects. 3 and 4 imply that individual field configurations in geometric optics depend very little on the background geometry. While measurements which go beyond geometric optics can be more discerning, this is not necessarily the case: One of the interesting results of Paper I is that many corrections to geometric optics can be locally 4 written in terms of the observables of geometric optics itself, and in some of these cases, metric invariance beyond geometric optics is effectively inherited from the metric invariance of geometric optics. These are first types of corrections we discuss.
Inheritance for scalar fields
It was shown in Paper I that for scalar fields, it can be convenient to introduce 5 a corrected, frequency-dependent eikonal ϕ cor and its associated wavevector k cor a via
Rays tangent to g ab k cor b are null through leading and subleading orders, and may be interpreted as describing the first correction to a field's propagation direction. This interpretation is motivated by noting that the averaged stress-energy tensor can be written as [9] T ab = ω
so all observers measure local momentum densities proportional to k cor a . Now consider a general transformation (24) of the zeroth-order optical fields, including a transformed metric with the form (14) . It follows immediately from the reality of Ω that argÂ 0 = arg A 0 , so the corrected eikonal is preserved:
This and (58) imply that
so transformed momentum densities remain proportional to their background counterparts. However, the transformed rays tangent toĝ ab k cor b may differ (at subleading order) from the background rays tangent to g ab k cor b . The proportionality in (60) is removed in (93) below, at least for conformal Kerr-Schild tranformations in whichĝ ab may takes the form (68).
Up to scale, ∇ a ψ can also be expanded one order beyond geometric optics without having to compute the corrected amplitude A 1 . From Paper I,
This together (23) and (59) shows that ∇ aψ ∝ ∇ a ψ + O(ω −1 ) for arbitrary w a and Y but constant Ω.
Inheritance for electromagnetic fields
Electromagnetic fields are more difficult to describe than their scalar counterparts. As explained in Paper I, there may fail to be any single, broadly-applicable electromagnetic analog of the scalar wavevector defined by (57). Instead, there are multiple inequivalent candidates at one order beyond geometric optics [26] , and most appear to be useful only in special cases.
One possibility which does have reasonably broad applicability is to consider more than one "wavevector" simultaneously, namely the eigen(co)vectors of T bc g ca . These are discussed in 4. It follows immediately from the hierarchical structure of the transport equations (7) that solutions in geometric optics determine their own corrections. However, this kind of dependence is nonlocal in general. The nontrivial result is that it can sometimes be localized. 5. The quantities denoted here by ϕ cor and k cor a were written asφ andka in Paper I. This notation has been changed in order not to conflict with the present usage of hatted quantities as those associated with certain metric transformations.
Paper I. There is exactly one such eigenvector at leading order: k a . But if the first subleading terms in the stress-energy tensor are included as well, this single eigenvector generically splits into two: Supposing that A 0 is chosen such that |e + | 2 +|e − | 2 = g ab e aēb = 1, they may be written as [9] 
is O(ω −1/2 ), σ denotes the shear (A.24) of the rays, and k cor a is given by (57). Both k cor+ a and k cor− a are null to the relevant order, and in terms of them, the averaged stress-energy tensor is given by
These eigenvectors are related to the principal null directions of F ab = Re f ab , although they are not afflicted by the rapid oscillations of those directions which arise for fields which are not circularly polarized. We now ask how the k cor± a transform when g ab →ĝ ab . It is simplest to begin with linearly-polarized fields. Given (35) and (63), these correspond to cases in which z = 0 and k
to the order in which we work; the wavevectors remain degenerate. Little generality is lost by setting χ = 0 in (37), and doing so for simplicity implies that Im(e aēb ) = 0. Eq. (62) then simplifies to
for linearly-polarized fields. Finally, inspection of (41) implies that
for metric transformations generated by arbitrary Ω, w a , and Y . In fact, this result is not very different from its scalar counterpart (59): The splitting of A 0 a = A 0 e a into A 0 and e a is not unique, in that the latter quantities may be rescaled along each ray in such a way that their product remains unchanged. Some of this ambiguity has already been fixed by requiring that |e + | 2 + |e − | 2 = 1, although there remains a freedom to let A 0 → e iκ A 0 and e a → e −iκ e a , where κ is real. While (65) is invariant under all such transformations, there always exists a particular choice of κ for which the Im(. . .) terms vanish and k
. In this sense, linearly-polarized electromagnetic fields propagate identically to scalar fields, at least through leading and subleading orders. Nevertheless, some care may be required to identify κ, which corresponds to fixing the phase characteristics of a "comparable" scalar field.
In the more generic setting for which (|e + | 2 − |e − | 2 )σ = 0, the wavectors k 
The hatted and unhatted eigenvectors therefore differ at this order (by more than an overall factor) whenever k · w = 0. No such difference appears if the class of metric transformations is further narrowed to the conformal Kerr-Schild class
in which Y = 0 and w a = V k a for some scalar V . Besides aspects of the averaged stress-energy tensor associated with k cor± a
, it was shown in Paper I that the first nontrivial terms in high-frequency expansions for the complex NewmanPenrose scalars Φ 0 , Φ 1 , and Φ 2 can also be written locally in terms of geometric-optics quantities. This is true despite that Φ 0 and Φ 1 describe components of the electromagnetic field which are not a part of geometric optics itself. First considering Φ 2 , which does characterize just the geometric-optics field at leading order, it was shown in Paper I that
Transforming the metric transformations using arbitrary Ω, w a , and Y , it follows from (23), (37), and (59) thatΦ
The deformation functions w a and Y do not affect Φ 2 at leading order. Very similar arguments may be used to characterize that portion of the subleading electromagnetic field which is described by the first nonzero term in an expansion for Φ 0 ; from Paper I,
If the rays are shear-free, Φ 0 is suppressed by at least two powers of ω −1 with respect to Φ 2 . If σ = 0, it is suppressed by only a single power. Assuming the latter, the transformations (41) and (A.26) for the optical fields and the shear imply that
where θ is a solution to the transport equation (A.23). This is a local rescaling. For conformal Kerr-Schild transformations, θ may be chosen to vanish, and doing so simplifies this
. The most complicated of the Newman-Penrose scalars which describe a real electromagnetic field is Φ 1 . From Paper I,
This is tedious to transform in general due to the terms involving m amb ∇ a m b . For simplicity, we restrict to the conformal Kerr-Schild transformations for whichĝ ab has the form (68). Then
where l appears in the definition (A.21) ofm a and satisfies the transport equation (A.25) . Note that the inhomogeneous Φ 0 term which appears here is insignificant when σ = 0, as Φ 0 then vanishes at order ω 0 . The inhomogeneous term can also disappear when Ω is constant, in which case l can be chosen to vanish.
Inheritance for gravitational waves
Like electromagnetic waves, gravitational waves may be associated with principal null directions. Although there are four such directions in general, they all degenerate to k a in the geometricoptics limit. They appear to have been computed beyond this only for circularly-polarized waves in which 6 e + = 1 and e − = 0, and in that case, they may be expanded as [9] 
where z = (iσ/ω) 1 2 . If the metric is now transformed using arbitrary Ω and w a but vanishing Y , it follows from (A.21) and (A.26) that
6. The opposite helicity, described by e + = 0 and e − = 1, follows by swapping ma andma wherever they appear.
This is closely analogous to its electromagnetic equivalent (67); in both cases, eigenvectors are preserved to the given order when k · w = 0 or σ = 0. It is also possible to consider transformation laws for the Newman-Penrose scalars δΨ 0 , . . . , δΨ 4 associated with the perturbed Weyl tensor. The geometric-optics curvature is fully characterized by δΨ 4 , and although the other scalars characterize aspects of the curvature which go beyond geometric optics, they too can be locally written using only O 0 . Beginning with δΨ 4 , it was shown in Paper I that to leading order,
This may be transformed using (50) and (59), from which it follows that for arbitrary Ω, w a , and Y ,
The next simplest Newman-Penrose scalar can be written as [9] 
and using the transformation (A.26) for the shear, it follows that
For conformal Kerr-Schild transformations in which θ is chosen to vanish, this simplifies to
). The Newman-Penrose scalar δΨ 2 is easily transformed as well. To leading nontrivial order, its background expression was found in Paper I to be given by
which is equivalent to
Use of (50) and (59) shows that transforming the metric merely rescales this: For arbitrary Ω, w a , and Y ,
Restricting to conformal Kerr-Schild transformations in which θ is chosen to vanish, this simplifies to δΨ 2 = Ω −3 δΨ 2 + O(ω 0 ). The most complicated of the Newman-Penrose scalars considered here is δΨ 3 , and an expression for this which is found in Paper I may be rewritten as
We do not discuss how this behaves under a fully general metric transformation, but instead restrict only to the conformal Kerr-Schild case (68). Then,
where again, l satisfies (A.25). This is very similar to the electromagnetic transformation (74) for Φ 1 . The inhomogeneous term involving δΨ 2 in this case disappears if σ = 0, or if Ω is constant so l may be chosen to vanish. A discussion of δΨ 1 would be more complicated and is omitted here. Also note that the results in this subsection should be understood as meaningful only when g ab andĝ ab both satisfy the vacuum Einstein equation. Otherwise, the formalism used here to describe gravitational wave propagation cannot be trusted beyond the geometric optics regime; see the discussion in Sect. 6.3 below.
Subleading amplitudes
Metric transformations generated by Ω, w a , and Y do little to affect many of the quantities of interest in geometric optics. They also have relatively little effect on many of the inherited quantities discussed in Sect. 5. However, this simplicity is expected to break down eventually, at least if-as assumed here-the metric transformations themselves do not depend on ω. Nonconformal metric transformations which preserve a given field must be adapted to it in some way, and the adaptation of our transformations to k a is guaranteed to be physically relevant only in the ω → ∞ limit. This may be seen more precisely for Maxwell fields, where exact metric-invariance results are known to involve transformations adapted to a field's principal null directions [8] . These directions typically vary with ω, so broadly-applicable invariance results must involve metric transformations which also depend on ω.
While it would be interesting to construct ω-dependent metric transformations-especially for the scalar and gravitational cases in which no exact results are known-it might still be asked when the ω-independent transformations considered above cease to be relevant. The first significant issues arise already for the subleading amplitudes A 1 B , and we now turn our attention to these. To simplify the analysis, we eliminate five of the seven deformation functions in (14) by setting Y = 0 and w a = V k a , which leaves the conformal Kerr-Schild metric transformations given by (68). Roughly speaking, it is found that although the A 1 B are not necessarily preserved even in this restricted context, differences can be interpreted essentially in terms of nontrivial phase shifts.
Subleading scalar amplitudes
For high-frequency scalar fields, a subleading background amplitude A 1 must satisfy the transport equation
If the background metric is transformed using (68), the associated transformation L →L of the transport operator is given by (22) with k · w = 0. Understanding how the source in the transport equation transforms additionally requires that we determine howDÂ 0 =D(A 0 /Ω) differs from DA 0 . First addressing the wave operator portion of D, a direct calculation shows that
It is also necessary to compute the transformed Ricci scalar
at least when the curvature coupling ξ is nonzero. Combining these expressions,
The conformal factor disappears here in the massless case for which ξ = 1/6, which is expected given that this is the value of the curvature coupling which is known [6] to make the massless Klein-Gordon equation conformally invariant. With regards to its use as a source in the transport equation forÂ 1 , the important point is that (88) has the structure Ω 3D (A 0 /Ω) = DA 0 + (. . .)A 0 . Given (7) and (22), one solution for a transformed subleading amplitude is thuŝ
That the right-hand side here is real means that ϑ can itself be chosen to be real, and in that case, it is suggestive to substitute (23) and (89) into (1) to obtain the field through leading and subleading orders:
The ratio −ϑ/ω may thus be viewed as a phase shift. Similar shifts for scalar fields associated with different masses or curvature couplings but the same metric (as opposed to scalar fields with the same ξ and µ but different metrics) are discussed in Sect. 5.2 of Paper I. Although some effort may be required to compute ϑ, there are relatively few situations in which it is necessary; most observations are not sensitive to phase shifts. For example, ϑ does not affect anything constructed from T ab : First noting
it follows from (58) and (59) that
This generalizes (31) beyond geometric optics, although only for conformal Kerr-Schild metric transformations.
Subleading electromagnetic amplitudes
Understanding how subleading amplitudes transform for electromagnetic fields is more complicated than for scalar fields, because i) the extra index in DA
c makes it more difficult to transform than DA 0 , ii) the gauge condition (8) must be satisfied as well as the transport equation (7), and iii) the leading-order electromagnetic amplitude involves an inhomogeneous component and not simply a rescaling; cf. (42).
As in the scalar case considered above, we restrict for simplicity to conformal KerrSchild transformations soĝ ab has the form (68). This leaves the conformal degree of freedom parametrized by Ω and the Kerr-Schild degree of freedom parametrized by V . However, it is well-known that Maxwell's equations, which may be written as d dA = 0, are conformally invariant [6] ; the exterior derivative d is metric independent and a short calculation shows that the Hodge dual of any 2-form is conformally invariant in four dimensions. Beyond this, it is known [8] that any Maxwell solution which admits k a as a principal null direction is invariant with respect to Kerr-Schild (and other) transformations generated by k a .
There are two problems with applying these results in the high-frequency context considered here. First, the transport equations we are working with produce high-frequency approximations for vector potentials in Lorenz gauge, but the Lorenz gauge condition g ab ∇ a A b = 0 is not conformally invariant. This means that even for a purely conformal transformation, amplitudes satisfying our equations can acquire nontrivial gauge corrections 7 . While these are in some sense irrelevant, they must be taken into account. The second problem with applying nonperturbative results here is that even though k a is a principal null direction for the leading-order geometric optics field, it does not necessarily remain a principal null direction at higher orders. A careful analysis is thus required to understand precisely how subleading amplitudes behave under conformal Kerr-Schild transformations adapted to k a .
First recall from (19) and (34) that the background leading-order amplitude A 0 a is controlled by e + , e − , and χ, scalars which are constant along each ray. Although χ is pure gauge in geometric optics, it can have physical consqueneces beyond this [9] . Nevertheless, there is little loss of generality in setting it to zero. Doing so, it follows from (41) and (A.21) that for any conformal Kerr-Schild transformation,
Here, l again satisfies the transport equation (A.25) and θ has again been set to zero [which is allowed by (A.23)]. The inhomogeneous term proportional to k a in this expression represents the leading-order gauge transformation needed to preserve the Lorenz gauge condition. If its interpretation as a gauge transformation is retained also at subleading order, one would expectÂ proportional to k a and a "generalized phase shift" analogous to that generated by ϑ in the scalar transformation law (89), suppose that
where ϑ a b and λ are to be determined by the transport and gauge conditions. The first step is to verify that for this ansatz, the hatted form of the gauge condition (8) is satisfied. Using (15), (94), (95), and (A. 19) , that gauge condition reduces tô
for all conformal Kerr-Schild transformations. It is therefore satisfied if
Of course, it must be ensured that the subleading transport equation holds as well. Without entering into details,LÂ 1 a + iDÂ 0 a = 0 can be computed and contracted with the various basis vectors. Contraction with k a yields no new information and contraction with n a yields a transport equation for λ which is omitted here. More interesting are the contractions with m a andm a , which yield the evolution equation
for ϑ a b . The nontrivial trace-free component of ϑ a b is thus given by Re(σVm am b ), while the remaining pure-trace term must be found by integrating V |σ| 2 along rays. These results are independent of Ω, as expected. Importantly for its interpretation in terms of a generalized phase shift, initial data can always be chosen such that ϑ a b g bc is everywhere real and symmetric. The gauge condition (97) may also be satisfied by choosing solutions in which k a ϑ a b = 0. The trivial solution ϑ a b = 0 exists when the geometric-optics rays are shear-free or the transformation is purely conformal.
In order to see the effect of ϑ a b on the electromagnetic field, (94) and (95) may be substituted into the expansion (43) to yield the complexified field strengtĥ
This is valid through leading and subleading orders for all conformal Kerr-Schild transformations with the form (68). Also, the reality and symmetry of ϑ ab imply that the intensity prefactor which appears in T ab does not depend on it:
If a field is linearly polarized so |e + | 2 = |e − | 2 , the inhomogeneous term here vanishes and this reduces to its scalar analog (92). Moreover, (64) and (66) imply that
at least for linearly-polarized fields. The more general case is not considered here.
Subleading gravitational amplitudes
Although there is no obstacle to considering scalar and electromagnetic wave propagation under wide classes of metric transformations, this is significantly more difficult in the gravitational case. The reason for this is essentially that the s = 2 transport and gauge conditions reviewed in Sect. 2 are derived [9] using the vacuum Einstein equation (perhaps with a cosmological constant), so g ab andĝ ab should both be vacuum solutions. This is not merely a technical restriction: If there is a nonzero stress-energy tensor associated with, e.g. g ab , it is necessarily perturbed by a passing gravitational wave. But those perturbations backreact, affecting the propagation of the wave. Details of this effect are not universal, but depend on precisely which type of matter is associated with the background stress-energy.
To be more precise about when such complications might arise, let τ ab = (8π) −1 (R ab − 1 2 g ab R) denote the stress-energy tensor associated with g ab . If a gravitational wave with metric perturbation H ab = Re ψ ab is considered, the stress-energy tensor is perturbed to τ ab + δτ ab . Einstein's equation implies that τ ab must be conserved with respect to g ab and also that τ ab +δτ ab must be conserved with respect to g ab + H ab . Schematically, it follows that
so δτ ab is generically nonzero. Supposing that ψ ab admits the high-frequency expansion (1), this suggests 8 that δτ ab (x; ω) = Re[δτ It follows that the geometric-optics results of Sect. 4.3 are not necessarily affected by the presence of background matter. However, those aspects of Sect. 5.3 which go beyond geometric optics are; they should be understood as restricted to transformations in which g ab andĝ ab are both vacuum. The transformation laws for the Newman-Penrose scalars implicitly take the vacuum assumption into account, in that the background expressions for these quantities had already been simplified in Paper I using the vacuum Einstein equation. Nevertheless, the vacuum assumption is not explicitly used in any of the calculations above. By contrast, finding a transformation rule A 1 ab →Â 1 ab for the subleading gravitational amplitudes appears to require that the vacuum Einstein equation be applied in an essential way. This adds significant complication and is left for later work.
Generating new solutions
One application of our metric-invariance results is that they allow new solutions to be generated from old ones-for scalar, electromagnetic, or gravitational waves. This is most straightforward when the old metric g ab and the new metricĝ ab are related via (14) , although it is possible to use diffeomorphism invariance to also make interesting statements in more general contexts. This section discusses some simple examples which extend a spherical-wave solution in flat spacetime to a variety of other geometries, without using diffeomorphism invariance. Sect. 8 below provides a more-complicated example which does use diffeomorphism invariance.
Spherical waves in flat spacetime
Perhaps the simplest high-frequency solutions in flat spacetime are those with planar wavefronts. However, it is somewhat more interesting to consider spherical waves, and that is what we do here. Starting with ordinary spherical coordinates (t, r, Θ, Φ) on a Minkowski background g ab , it is convenient to introduce the radial null coordinates u ≡ t − r and v ≡ t + r so
The u coordinate has the interpretation of a retarded time, so one valid eikonal for an outgoing spherical wave is ϕ = u.
The rays are then tangent to k µ ∂ µ = 2∂ v , and they are diverging but shear-free:
The n = 0 scalar transport equation (7) is easily solved in this case to yield the amplitudes
8. Stress-energy conservation constrains only the divergence of δτ ab . The remaining portions of this perturbation must be determined by the detailed equations of motion associated with the matter involved, and it is possible for divergence-free components to scale differently with ω.
where α = α(u, Θ, Φ) is arbitrary and encodes a waveform for each ray. One solution for the subleading amplitude is
denotes the Laplacian on a unit 2-sphere. This Laplacian effectively takes into account interference between neighboring rays, while the field mass µ induces a secularly-growing phase shift. Many observables are connected with T ab , which can be constructed from
and k
Substituting these expressions into (58) recovers the averaged stress-energy through leading and subleading orders. It may be seen, e.g., that the direction associated with the momentum density is frequency dependent and non-radial whenever there is a phase gradient across neighboring rays. These results are easily used to write down high-frequency approximations for electromagnetic and gravitational waves with spherical wavefronts, at least to leading order. Introducing the normalized basis element
it follows from (19) , (34), (48), and (106) that
are valid s = 1 and s = 2 amplitudes if the polarization components e ± are independent of the advanced time v. The products αe + and αe − are interpreted as waveforms for the two circularly-polarized basis components, and in terms of the coordinates,
Eqs. (43) and (52) may also be used to write down the corresponding electromagnetic field and curvature perturbations:
For simplicity, we do not give examples of higher-order corrections when s > 0. All of these results are associated with the line element (103), which is obtained from the flat metric g ab . However, it can be interesting to consider the metricsĝ ab which are related to this via (14) . Doing so results in the line elements
where V ≡ −w u in order to be consistent with the notation in, e.g., (68). It is clear that by suitably adjusting the deformation functions Ω, w a , and Y , all metric components except for g vv ,ĝ vΘ , andĝ vΦ can be varied essentially at will.
Flat to flat transformations
The background metric g ab here is flat and the transformed metricsĝ ab are in general curved. There are however exceptions in whichĝ ab remains flat, and in these cases, transformations of the optical fields effectively generate new solutions from old ones in the same spacetime. As a simple example, the angular coordinates Θ and Φ can be "made Cartesian" (at least in a finite region) using the deformation functions
Substituting these choices into (115) results in the line element dŝ 2 = −dudv+dΘ+dΦ 2 , so Θ and Φ are now interpreted not as angles, but as Cartesian coordinates transverse to the wavefronts.
Recalling (24), this transformation maps a spherical wave with amplitude (106) into a planefronted wave with amplitudeÂ
The factor of (sin Θ) 1 2 here is physically irrelevant as it may be absorbed into a redefinition of α = α(u, Θ, Φ). Similarly transforming the spherical electromagnetic and gravitational amplitudes requiresm a . Given (116) and (A.23), it is possible to choose θ = 0 in (A.21), implying that (111) transforms tom µ dx µ = 2
Applying (37) and (49) to (113) then results in what one might expect for plane-fronted electromagnetic and gravitational waves [other than the same redundant factor of (sin Θ)
These are plane waves (as opposed to plane-fronted waves) when the αe ± waveforms are independent of Θ or Φ. As another example, the originally-spherical wavefronts associated with solutions in Sect. 7.1 can be "made cylindrical" by letting
Substituting these deformation functions into (115) results in the line element dŝ
is interpreted as a cylindrical radius, Θ an angular coordinate around the cylinder, and Φ an elevation along the axis of that cylinder. The rays remain tangent to ∂ v and therefore emanate radially from the axis of the cylinder. Moreover, (23) implies that
As expected, this falls off with the square root of the distance away from the axis of the cylinder. The higher-spin amplitudes are easily written down by using (A.21) to see that now,
. Note that none of these results require the solution to any differential equations; even quite drastic changes in the geometry can be understood using purely-algebraic transformations. Of course, it would have been straightforward to instead derive amplitudes for planar and cylindrical waves directly from the transport equations. Much more complicated flat-to-flat deformations are however possible, and direct calculation may be less clear in those cases. Further investigation is nevertheless required: Although conformal transformations which map flat metrics into flat metrics are understood-comprising dilatations, inversions, and Poincaré transformations [7] much less is known regarding the freedom to vary w a and Y . See however [27, 28] for related results.
Cosmological spacetimes
The simplest transformations to non-flat spacetimes may be generated using only the conformal degree of freedom in (14) , and the most interesting examples in this class are cosmological. All Friedmann-Lemaître-Robertson-Walker (FLRW) metrics are conformally flat-including the de Sitter and anti-de Sitter geometries-meaning that at least in finite regions, there exist coordinates (u, v, Θ, Φ) for which their line elements may be written as
Explicit decompositions of this form are known for general FLRW metrics [29, 30] , although it is common to use them only when the homogeneous constant-time hypersurfaces are spatially flat; Ω is then identified with the scale factor and depends only on t = 1 2 (v + u). One example in this spatially-flat class is the de Sitter geometry, which may be described by
where Λ > 0 denotes the cosmological constant. Anti-de Sitter metrics with Λ < 0 may be generated by instead letting, e.g., Ω −1 = −Λ/3r cos Θ. Regardless of precisely which conformal factor is used, it follows from (23) and (89) that the s = 0 flat-spacetime, spherical-wave amplitudes (106) and (107) are replaced bŷ
in FLRW spacetimes. It follows from (93) that ϑ does not affect the stress-energy tensor:
for scalar fields in any FLRW metric. Measurements which are sensitive to phase shifts may however be able to probe ϑ. It follows from (90) that in the spatially-flat case,θ
where dots denote derivatives with respect to t. As an example in the de Sitter case (122), one solution is
Electromagnetic and gravitational waves may be understood similarly. It is immediate from (46) and (53) that the electromagnetic field (114a) is preserved as-is while the curvature perturbation (114b) associated with a gravitational wave changes only by an overall factor of Ω. Our results make the propagation of high-frequency gravitational waves in cosmological contexts essentially trivial.
Spherically-symmetric metrics
It is possible to obtain any static (and at least some non-static) spherically-symmetric geometry by applying Kerr-Schild and conformal transformations to a flat metric [31] ; using such a metric together with the outgoing k a associated with the eikonal (104), spherically-symmetric line elements can be put into the form
For example, the Schwarzschild solution with mass M results from Ω = 1 and V = 2M/r. De Sitter and anti-de Sitter metrics result from 9 Ω = 1 and V = (Λ/3)r 2 . The Schwarzschild-de Sitter geometry arises by simply adding together these two forms for V , providing an example of the aforementioned linearity of Einstein's equation for Kerr-Schild metric perturbations. Nontrivial forms for Ω arise, e.g., in the metrics associated with stellar interiors.
Regardless of the precise form for Ω and V , it follows from the results of Sects. 3 and 4 that the rays are preserved, the scalar amplitude (106) is replaced by A 0 /Ω, the leading-order electromagnetic field (114a) remains as-is, and the leading-order curvature perturbation (114b) is multiplied by Ω. Going one order beyond geometric optics, it follows from (89) the A 1 given by (107) is replaced by theÂ 1 in (123), where the scalar phase correction ϑ satisfies (90). In the Kerr-Schild representation for Schwarzschild-de Sitter given in the previous paragraph, ϑ must satisfy
More generally, it follows from (98) that since σ = 0, the electromagnetic phase shift governed by ϑ a b can be chosen to vanish for any spherical wave in any spherically-symmetric metric with the form (126).
The physical interpretation of this discussion is that except for simple rescalings by conformal factors, the geometric optics associated with radially-outgoing-but not necessarily spherically symmetric-scalar, electromagnetic, and gravitational waves is unaffected by (at least static) spherically-symmetric deformations of the metric. Of course, this is valid in the particular representation given here for spherically-symmetric metrics. Similar invariance results do not hold in other, more-common representations, although appropriate transformations are easily derived.
As an example of such a transformation, again consider the Schwarzschild case. Although the r = 1 2 (v − u) appearing in (126) corresponds to the ordinary Schwarzschild radius, t = 1 2 (v + u) is not the time coordinate t Sch which is most commonly associated with this geometry; the standard line element
instead arises by defining
In terms of this, the eikonal (104) expands to
and the waveform α(u, Θ, Φ) which appears in the various amplitudes simply has u replaced by this same combination of t Sch and r. Although one might be tempted to associate with (128) the flat line element −dt
, this is not the "correct" identification; optical solutions are not preserved in the expected way. One must instead use
which is the flat line element associated with the Kerr-Schild transformation (126). This is the "obvious" identification in the coordinates (t, r, Θ, Φ), but not in the coordinates (t Schw , r, Θ, Φ).
Robinson-Trautman metrics
The class of transformed line elements (115) is very broad, and in many cases, it straightforward to look through collections of exact solutions to Einstein's equations (e.g., [19, 32] ) and match deformation functions essentially by eye. One class of solutions in which this is possible are referred to as the Robinson-Trautman metrics, which may be characterized mathematically as geometries which admit a geodesic null congruence that is expanding but free of twist or shear. They may be written as [32] 
where ζ is a complex stereographic coordinate, P = P (u, ζ,ζ), and H = H(u, v, ζ,ζ) depends on P and other quantities in a known way. To see how the Robinson-Trautman metrics may be generated from our flat line element (103), first relate ζ to Θ and Φ via ζ = e iΦ cot(Θ/2), so
It then follows from comparison with (115) that the appropriate deformation functions are
At least in geometric optics, it is thus straightforward to transform amplitudes and field strengths associated with spherical waves in flat spacetime into amplitudes and field strengths in arbitrary Robinson-Trautman spacetimes. The optical rays then coincide with the shear-free, twist-free congruence picked out by the Robinson-Trautman class.
Gravitational wave backgrounds
Our last example is concerned with the Kundt metrics, which may be defined as admitting a null geodesic congruence which is free of twist, expansion, or shear. Their line elements may be written in the form [32] 
where ζ is again a complex stereographic coordinate, P = P (u, ζ,ζ) and H = H(u, v, ζ,ζ) are real, and W = W (u, v, ζ,ζ) may be complex. Special cases include gravitational plane wavesand more generally pp-waves-as well as, e.g., solutions which may be interpreted as gravitational waves propagating on de Sitter or anti-de Sitter backgrounds. Using (133) and comparing (115) with (135) shows that the Kundt line elements may be generated from the flat line element (103) using the deformation functions
and
Again, the transformation results above may be used to carry over flat amplitudes at least in geometric optics to amplitudes in arbitrary Kundt spacetimes. It can be somewhat more natural to start with plane-fronted fields in flat spacetime instead of spherical ones: Letting ζ = Θ + iΦ instead of e iΦ cot(Θ/2), it follows that in this case, (133) is replaced by dζdζ = dΘ 2 + dΦ 2 and
That these functions exist physically implies that plane-fronted optical fields in flat spacetime are unaffected by Kundt waves which "propagate in the same direction," in the sense that the preferred null congruence ∂ v associated with the deformed metric is tangent to the optical rays. This implies in particular that plane-fronted gravitational waves, which may be characterized by P = 2 − 1 2 and W = 0, do not affect the high-frequency propagation of scalar, electromagnetic, or (additional) gravitational waves which propagate in the same direction. In the electromagnetic case, this is related to an exact result obtained in [8] . Qualitatively, it is also similar to the statement in Sect. 7.4 that spherical waves are unaffected by spherically-symmetric metrics.
As in the spherical case, this insensitivity of plane-fronted optical fields to gravitational waves must be understood in the context of the metric transformation (135). It is not apparent in, e.g., the transverse-traceless gauge which is more commonly used to (approximately) describe gravitational radiation. This may be understood physically as due to the fact that the transverse-traceless gauge is chosen to hold fixed a particular family of timelike geodesics, but timelike geodesics do not have the same metric-invariance properties as high-frequency fields. Nevertheless, transformations to transverse-traceless gauge are known [33] and may be used together with our invariance result to easily find amplitudes in that gauge.
A scattering problem
Although the metric transformations (14) allow a wide variety of geometries to be generated from a given background, there are limitations. Indeed, if a metric is perturbed using the common gauges associated with perturbation theory in general relativity, it is only in special cases that the perturbed and background metrics will be related by such a transformation. Nevertheless, as stated at the end of Sect. 3, diffeomorphisms can be used to bring any given metric into the appropriate form-at least in finite regions. These diffeomorphisms are relatively simple to find in a perturbative context. There, they would more often be referred to as gauge transformations associated with the freedom to identify points in different ways in the perturbed and background spacetimes.
We now consider an explicit example in which the gravitational deflection of light by a point mass is computed not by solving geodesic or other transport equations, but by finding a gauge transformation which allows a plane wave in flat spacetime to be deformed into a scattered wave in a nontrivial geometry. Only the leading-order geometric-optics result is considered, and terms are retained only to leading order in the mass of the central object.
Preliminaries
Beginning in a general context with a background metric g ab , suppose that we are interested in fields propagating on the perturbed metrics
where 1 is a bookkeeping parameter. Also introduce a 1st-order gauge vector ξ a which generates an -dependent family of diffeomorphisms φ via
Given g ab and an associated eikonal ϕ, we would like to construct ξ a such that the rays are the same (and null) whether they're computed using g ab or (φ * g ) ab . This amounts to enforcing (16) . Contracting that equation first with k b results in the transport equation
for k · ξ. Contracting it with m b while assuming that this is parallel transported with respect to
which is a transport equation for m · ξ. Contraction with n b yields no additional information.
Transforming the metric
Now specialize so that g ab is a flat metric and the linear perturbation h ab may be interpreted as that due to a pointlike object with mass M in Lorenz gauge. Using inertial Minkowski coordinates (t, x, y, z) on g ab with respect to which this mass is static, the "Newtonian" metric perturbation is [6] 
where r = x 2 + y 2 + z 2 is the usual radial coordinate and the z coordinate used here is not to be confused with the z in (63). Plane-fronted optical fields on flat backgrounds have already been discussed in Sect. 7.2, although the notation there is unconventional. Changing r to x, Θ to y, and Φ to z, optical fields in the s = 0 case can be described by
The higher-spin cases follow trivially from this together with m µ dx µ = 2 − 1 2 (dy + idz). While these fields are valid solutions to the equations of geometric optics associated with g ab , they are not solutions associated withg ab .
Our transformation rules may nevertheless be applied by constructing diffeomorphisms φ in which (φ * g ) ab satisfies (16) . An associated gauge vector can be found by solving (141) and (142), and one class of solutions is
where r 0 > 0 is an arbitrary constant. More explicitly, this is consistent with
Different choices for r 0 correspond to gauge vectors which differ only by multiples of a background Killing vector, and are not particularly interesting. Other gauge vectors which differ in more complicated ways are also possible, and these can produce transformed fields with different physical interpretations. The choice adopted here results in a transformed field whose rays are initially planar and traveling in the +x direction; the transverse components of ξ µ vanish as x → −∞.
If (φ * g ) ab is now computed using (139), (140), (143), and (146), it takes the form (14) and may be identified withĝ ab for some deformation functions Ω, w a , and Y . Although complete knowledge of these functions is not needed to transform the optical fields, we list them here for completeness:
These expressions become trivial as x → −∞ but diverge as x → +∞, implying that as claimed, the incoming waves are asymptotically planar while the outgoing ones are not.
Fields associated with (φ * g ) ab
By construction, the eikonal is preserved as-is by the transformation g ab → (φ * g ) ab . Recalling (23) and the trivial conformal factor in (147), scalar amplitudes are preserved as well. Results for electromagnetic or gravitational waves are somewhat more complicated, as the m a associated with g ab is not parallel propagated or correctly normalized with respect toĝ ab = (φ * g ) ab . A replacementm a is nevertheless given by (A.21). Noting that σ = 0 and L k arg Y = 0, it follows from (A.23) that it is possible to choose θ = 0. Hence,
The undetermined scalar l is of order and is to be fixed by demanding thatm a be parallel transported along the rays with respect to (φ * g ) ab . There is no need to compute it, however. From (45) and (A.3), the leading-order electromagnetic field associated with (φ * g ) ab is independent of l and governed bŷ
Similarly, the leading-order curvature perturbation is governed bŷ
Fields in the original gauge
We have now used plane-fronted waves on a Minkowski background to derive optical fields scattered by a point mass. However, the associated metric components are complicated and difficult to interpret. In practice, it can be more useful to apply φ −1 toÔ 0 = {(φ * g ) ab ; ϕ,Â 0 B }, resulting in optical fieldsÕ 0 = {g ab ;φ,Ã 0 B } which are associated with the original, simpler form for the perturbed metric. Applying φ −1 first to the eikonal (144), it follows from (146) that
The perturbation 2 M ω ln[(r − x)/r 0 ] acts as a kind of phase shift with respect to the flatspacetime plane wave we started with. It diverges logarithmically if x > 0 and y, z → 0, which is where rays cross due to gravitational focusing. The high-frequency ansatz (1) breaks down there, as does the approximation (143) for the point-mass metric and the expansion in powers of . While the analysis can be modified to be more realistic and more accurate, we nevertheless proceed without introducing any additional complications. The next step is to determine how the rays are bent by the central mass. Givenφ, a wavevectork a can be computed using −∇ aφ or k a − L ξ k a ; the result is the same. Performing this computation and then raising the index shows that rays must be tangent to
This andφ are plotted in Fig. 1 . Some additional intuition for it may be gained by noting that as x → −∞, the rays become tangent to the background plane-wave vector field ∂ t + ∂ x . However, the rays become tangent to
as x → +∞. The metric is trivial in these regions, so the change in angle of a light ray due to scattering, as seen by observers who are stationary with respect to the central mass, is 4M/ y 2 + z 2 . This matches the classical calculation for light bending by a point mass [6] , although here it is obtained using a different method. It may also be noted that while the divergence of the congruence remains zero here, it follows from (A.24) that the central mass induces a nonzero shear. Amplitudes and field strengths may be found by similarly applying gauge transformations to the appropriate expressions inÔ 0 . For example, scalar amplitudes formally transform viã
Although it is formally equivalent to the order in which we work, better behavior can sometimes be obtained by instead using ξ a to directly transform the arguments of of the original amplitude:
This avoids additional errors incurred by expanding A 0 . Amplitudes for higher-spin fields differ in that they involve polarization tensors, and these too are affected by the central mass. The leading-order electromagnetic field strength can be computed usingF
ab is given by (149). Similarly, the leading-order curvature perturbation due to a gravitational wave scattered by a point mass can be computed usingR
abcd is given by (150). Instead of displaying these results explicitly, more can be learned by instead computing how φ −1 acts on the transformed basis elementm a : Using (148),
If the irrelevant term containing l is ignored, this reduces to m a as x → −∞ and
as x → +∞. That these limits differ implies that distant observers which are stationary with respect to the central mass would see an overall rotation in the polarization state of (say) a linearly-polarized electromagnetic field. However, this can largely be understood as due to the fact that the rays have been bent and polarization tensors must remain orthogonal to them. The calculations in this section may be extended in a number of ways. One possibility would be to resolve the issues associated with ray crossings on the x > 0, y = z = 0 line. Another direction would involve repeating these calculations for more complicated mass distributions. This is very simple in the Newtonian spacetimes considered here, as everything is linear and translation invariant: The gauge vector (146) is easily modified to act essentially as a Green function, and that can be convolved with arbitrary mass distributions. All of the field transformations then follow by straightforward differentiation of the resulting gauge vector.
Discussion
We have shown that individual solutions in geometric optics are compatible with a very large class of metrics. Given one metric g ab together with an associated eikonal ϕ, this eikonal and its rays are preserved by all transformations g ab →ĝ ab in whichĝ ab has the form (14) . These transformations involve essentially arbitrary combinations of conformal transformations, determined by Ω, extended Kerr-Schild transformations along the rays, determined by w a , and pairs of complex Kerr-Schild transformations transverse to the rays, determined by Y . They preserve not only the rays, but also-up to conformal rescalings-the scalar amplitudes of geometric optics: A 0 → A 0 /Ω. Electromagnetic and gravitational amplitudes are modified in somewhat more complicated ways by these transformations, although observables which are insensitive to details of their polarization states are not. To leading order, averaged stress-energy tensors associated with scalar and electromagnetic waves are preserved up to conformal rescaling: T ab → Ω −2 T ab . For gravitational waves, the average of the perturbed Bel-Robinson tensor is similarly preserved: δT abcd → Ω −2 δT abcd . If the class of allowed metric transformations is restricted so that Y = 0, even the details of a field's polarization state are preserved: To leading order, gradients of scalar fields Ψ = Re ψ, electromagnetic field strengths F ab = Re f ab , and curvature perturbations δR abcd = Re δr abcd transform as
when the metric is deformed using arbitrary choices of Ω and w a . Although the conformal factor appears explicitly here in the spin-0 and spin-2 cases, these results hold for a class of transformations which involve five free functions; the four functions associated with w a have no effect. Moreover, the applicability of these results (and those for which Y = 0) can be broadened even further by taking advantage of diffeomorphism invariance. Invariance results which go beyond geometric optics depend on precisely which observable is considered. For example, the corrected scalar wavevector k cor a remains invariant under metric transformations generated by arbitrary Ω, w a , and Y . The associated rays may vary, however. Details of the subleading scalar amplitude may vary as well. Nevertheless, specializing only to conformal Kerr-Schild transformations, meaning that Y = 0 and w a = V k a for some V , these amplitudes transform as A 1 → Ω −1 (A 1 − iϑA 0 ). The scalar ϑ satisfies the transport equation (90) and may be interpreted as inducing only a phase shift; cf. (91). While these shifts might be measurable in general, they do not affect, e.g., the averaged stress-energy tensor.
For electromagnetic fields at one order beyond geometric optics, there is not necessarily any single notion of a corrected wavevector. Such a notion does however exist at least when the leading-order field is linearly polarized, and in those cases, we have shown that the corrected wavevector remains invariant under metric transformations generated by arbitrary Ω, w a , and Y . Such transformations nevertheless act nontrivially on subleading electromagnetic amplitudes. Restricting to conformal Kerr-Schild transformations while allowing for general polarization states, the electromagnetic field in general is found to experience a kind of generalized phase shift; cf. (99). This shift is nevertheless trivial if the shear vanishes or if the transformation is purely conformal. At least in the linearly-polarized case, it does not affect the averaged stressenergy tensor.
One application of our results is that new solutions can be generated from old ones-either in the original spacetime or in new ones. Some examples of this are considered in Sects. 7 and 8, where it is shown that even drastic changes in geometry-such as transformations from plane waves to spherical waves-arise from simple operations. One broader result obtained in this way is that there is a sense in which spherical waves are essentially unaffected by (at least static) spherically-symmetric metrics. Similarly, plane-fronted solutions are essentially unaffected by background gravitational waves which propagate in the same direction. Neither of these results are apparent in the coordinate systems most commonly used to describe spherically-symmetric or gravitational-wave geometries.
Indeed, gauge issues can obscure many of the results discussed above. This is true in the sense that an optical field may be preserved in two spacetimes only when the gauge which maps points between those spacetimes is chosen appropriately. However, another kind of gauge fixing is also relevant: The gauge-fixed Maxwell and linearized Einstein equations do not enjoy the same metric-invariance properties as their gauge-agnostic counterparts. In the calculations above, the most complicated aspects of the transformed amplitudes were found to be artifacts of the Lorenz gauge choice. These complications disappear in, e.g., the transformation rules summarized by (158). More generally, it may be observed that in many contexts, calculations performed in practice often fix a gauge at their outset, and although this affords certain simplifications, it hides others.
The results of this paper may be extended in various ways. One of the more interesting directions would perhaps be to translate them to other areas of physics. Two straightforward examples could involve i) the propagation of sound through a moving fluid, and ii) the propagation of electromagnetic waves through a nontrivial material. In both of these cases, the spacetime would be physically flat. However, there are mathematical analogies which relate such phenomena (with some restrictions) to Klein-Gordon or vacuum Maxwell fields propagating in effective spacetimes with nontrivial effective metrics [34] . If these analogies are used together with the above invariance results, one might expect to find that acoustic or electromagnetic waves are preserved by certain transformations. However, these transformations would be interpreted as acting not on the physical metric, but on the properties of the underlying material. Highfrequency fields would thus be seen to propagate identically in structures with widely-varying characteristics, a result which could help to simplify the design of, e.g., new meta-materials. 
It is immediately clear that

. Compositions of metric transformations
A large class of interesting metrics may be generated by composing the transformations C ab and K ab . In particular, we now show that the metrics (14) , which preserve optical rays associated with a given k a , may be generated by acting on a background g ab with three instances of K ab and one of C ab . To see this, first fix a complex tetrad (12) which is null and normalized in the standard way with respect to g ab . Next, consider the ordinary Kerr-Schild transformation g ab → g 1 ab ≡ K ab (g; m,Ȳ m) (A.9) generated by the complex null basis element m a . Here,Ȳ is the complex conjugate of an arbitrary, possibly-complex scalar field. It follows immediately from (A.5) that if k a is null with respect to g ab , it remains null under all such transformations. However, physical metrics must be real and g 1 ab is not. This may be remedied by applying a second Kerr-Schild transformation, but in a direction which is in some way related tom a . Crucially, this second transformation cannot be generated bym a itself, because g It follows immediately from (A.5) and (A.10) that since k a is null with respect to g 1 ab (and of course g ab ), it is also null with respect to g 2 ab . Note that g 2 ab is a composition of two Kerr-Schild transformations acting on g ab , and that such compositions result in metric perturbations which are distinct from naive sums of Kerr-Schild terms such as, e.g.,Ȳ m a m b + Ym amb ; the m (amb) cross term in (A.11) is essential to retaining simple transformation laws for inverses and volume elements, and also for preserving the optical rays.
Two more tranformations are required to generate all metricsĝ ab with the form (14) . These are apparent essentially by inspection, and may be written aŝ g ab = C ab (K(g 2 ; k, w); Ω) = Ω 2 (g Recalling that k a is considered to be given here, the transformations g ab →ĝ ab are generated by the (nearly) arbitrary real covector w a , the real scalar Ω, and the complex scalar Y . Together, these constitute 4 + 1 + 2 = 7 real functions. While different basis elements m a andm a may be chosen, this freedom has no physical significance; it merely shifts the deformation functions Ω, w a , and Y needed to map between a given pair of metrics.
It may be verified using (A.14), (A.16), and (A.17) that the algebraic constraints on the tetrad are satisfied for any θ and l:ĝ −1 (m,m) =ĝ −1 (k,m) = 0 andĝ −1 (m,m) = 1. Although it is rarely needed, a correctly-normalized replacement for n a may be shown to have the form n a = Ω 2 (1 + for some real d. Even without specifying d, this expression guarantees thatĝ −1 (n,m) = 0 andĝ −1 (k,n) = −1. We nevertheless assume that λ is chosen to additionally ensure that g −1 (n,n) = 0, which is always possible. Hatted tetrads which are constructed using (A.21) and (A.22) serve as appropriatelynormalized transformations of the background tetrad (12) . However, the scalars θ and l which appear in their definition are thus-far unconstrained. Constraints on these scalars do appear if it is supposed that the tetrads are not only normalized, but also that they are parallel transported along the optical rays (by their respective metrics). By construction, k a is automatically parallel transported with respect to both g ab andĝ ab . However, if m a is parallel transported with respect to g ab , parallel transport ofm a with respect toĝ ab may be shown to imply that θ and l satisfy certain transport equations along the rays. The first of these transport equations is denotes the complex shear of the optical rays with respect to g ab . Tetrad rotations associated with nontrivial variations in θ thus depend only on the deformation function Y ; they are unaffected by those portions of the metric transformation which depend on Ω or w a . The transport equation for l which guarantees thatm a is parallel transported is complicated and omitted here in its most general form. However, it simplifies considerably for conformal KerrSchild transformations in which Y = 0 and w a = V k a ; in those cases, .25) and L k θ = 0. While this is independent of the Kerr-Schild portion of the transformation generated by V , it does depend on Ω; nontrivial conformal transformations generically imply that l cannot vanish.
Appendix A.5. Shear
The shear σ which is defined by (A.24) plays an important role in finite-wavelength corrections to geometric optics. It is therefore of interest to understand how it transforms when the ray congruence is fixed while the metric is deformed. If m a andm a are parallel transported with respect to the appropriate metrics, the above expressions may be used to show that for arbitrary Ω, w a , and Y ,σ One implication is that if the congruence of interest is shear-free with respect to g ab , it remains shear-free for allĝ ab in which L k Y = 0; the deformation scalars Ω and w a cannot be used to generate shear if there is initially none. If transformations are considered only from vacuum metrics to vacuum metrics in which the shear initially vanishes, this and the GoldbergSachs theorem [19] imply that both the original and transformed metrics must be algebraically special. It may also be shown that the (background) shear satisfies the evolution equation
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